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Abstract. In a physically significant case, closed formulae for the transformation
coefficients between the standard and non-standard representations of the symmetric
group Sy are obtained and the results are explicitly exhibited.

1. Introduction

The symmetric group Sx finds a place in the study of systems consisting of N identical
particles as a part of the symmetry group of the Hamiltonian. Hence, acknowledge-
ment of the irreducible representations (1R) of Sy is of great help in the investigation
of such systems. There may, in general, be systems consisting of two sets of N, and
N, particles, each in a state which transforms according to an IR I'; of Sy, and IR T,
of Sn,. These states may be two different shells in an atomic or nuclear shell model
or two different clusters in a nuclear cluster model (Kramer 1968). In such cases one
has to adapt the total system of N (N =N, +N,) particles to an overall symmetry.
This requires the study of the representations of the symmetric group, reduced with
respect to its subgroups arbitrarily. Such representations are known as non-standard
representations (Kaplan 1962). Horie (1964) studied extensively this problem as part
of the calculation of fractional parentage coefficients. Kaplan (1962) introduced the
transformation matrix which performs the transition between the representations with
different types of reduction and obtained the matrix for the transition from the standard
Young-Yamanouchi basis to a basis corresponding to the representation reduced with
respect to a subgroup Sy, X Sn,. Derivation of the matrix in the case of more compli-
cated types of reduction is also given by him.

Horie (1964) described a different recursion method to obtain the transformation
matrix. He derived compact formulae, in terms of axial distances 7;;, for the matrices
which perform the transition from the canonical chain to the chain Sy ®Sy_,, XS, in
the two particular cases namely [m], the total symmetric representation and [1™], the
antisymmetric representation of S,.. To get a closed formula for the transformation
matrix in the case of general representation is complicated because of the multi-
dimensionality of the representation and the multiplicity of the reduction Sy Sy _,, X
S... The above problem is considered in the present paper, in the case of multi-
dimensional representations of the type [2°1"~%%] which are physically significant.
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2. Transformation coefficients between the standard and non-standard
representations

The representation ' of the symmetric group Sy reduced with respect to the chain
of subgroups Sy 2Snx-12...28S; is known as the standard representation of Sy. In
other words the representation provided by the standard Young tableaux (or the
Yamanouchi symbols) is the standard representation of Sy. In a number of problems
in quantum mechanics it is convenient to work with basis functions for a representation
™! which are characterised by a definite permutation symmetry with respect to the
permutations of both the first N, and the last N, (N = N; + N,) numbers. Functions
such as these form a basis for a representation that splits into irreducible components
upon passing from the group Sy to its subgroup Sy, X Sn,. In contrast to the standard
representation, which is reduced with respect to the subgroups Sx_; 2Sy_22...28,,
a representation which is reduced with respect to a different set of subgroups is said
to be non-standard (Elliot et al 1953).

In studying the clustering properties of many-particle systems and in the calcula-
tions of the reduced widths or the spectroscopic factors for nucleon clusters, by shell
model, the fractional parentage coefficients (FPC) which separate more than one
particle are quite important. To obtain these Fpc, it is necessary to find the transfor-
mation coefficients between the standard and non-standard representations of the
symmetric group. Kaplan (1962) and Horie (1964) derived formulae to obtain these
coefficients. Horie (1964) presented closed formulae for these transformation
coefficients in the two special cases—[m]and [1™] of S,,, in the chain S, 2S5, _,, XS,..
These two representations considered by Horie are one dimensional and therefore
the reduction [A]-[A']X[A"] trivially becomes multiplicity free. The multi-
dimensional representations [A"] are complicated, but nevertheless, are worth con-
sidering.

Table 1. Transformation coefficients in the chain S; 28, xS,.

(21%) 213 [2°1]

(1% [21%, [21°, [21%) 2°h 2%}

(21}, 21}, (21} [21}  [21] (21, [21) [21); (21} (21} [21), [21]

r 0 0 0 0 0 0 0 0 1 0 0 0
r 0 0 V373 -1/3 0 0 0 0 0 1 0 0
r® 0 0 v6/3 V2/6 0 0 0 0 0 0 0 0
P V1075 —V30/15 0 v30/6 0O 0 0 0 0 0 0 0
Ik V15715 2J5/15 0 0 0 0 0 0 0 0 0 0
7 0 V1/3 0 0 v3/3 -1/3 0 0 0 0 1 0
P _ — 0 0 V6/3 V2/6 0 0 0 0 0 1
re — — 0 0 0 v30/6 0 0 0 0 0 0
r — — 0 0 0 0 J3/3 -1/3 0 0 0 0
A — 0 0 0 0 V673 V2/6 0 0 0 0
PR — 0 0 0 0 0 J30/6 0 0 0 0
AL — — 0 0 0 0 0 0 0 0 0 0
A — 0 0 0 0 0 0 0 0 0 0
P — 0 0 0 0 0 0 0 0 0 0
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In the LS coupling scheme, the orbital and spin wavefunctions of a system of n
particles are treated separately. The total wavefunction will be a product of the space
and spin wavefunctions. As a consequence of Pauli’s exclusion principle, the Young
diagram for the orbital wavefunction should not have more than two cells in any row.
Hence, such physically important representations of Sy only are considered here. Let
the representation [A] of S, be of the form [2°1"72*]. Then, in general, we may
choose [A'1=[2%1""""?*]and [A"]=[2°1""%‘]. One may note that the decomposition
[A]=[A']x[A"] is not always muitiplicity free. But, it may be observed that in the
present case it is necessary that a=54 or a=5b+1 for the decomposition to be
multiplicity free. It is interesting to note that when a = 6 the problem reduces to the
one considered by Horie. Having noticed this, the case a = » + 1, which implies ¢ = 1,
is studied and closed formulae are obtained following Horie. As the derivation of
these formulae is essentially similar to that of Horie (1964), the final formulae alone
have been presented. Since the representations considered by Horie are one
dimensional, the same symbols [m] and [1™] have been used both for the representa-
tions and their Yamanouchi symbols in writing the transformation coefficients. But,
as the multi-dimensional representations are considered here, a suffix i is attached to
the representation symbol denoting the ith Yamanouchi symbol in that representation.
The formulae for transformation coeflicients (the notation adopted is the same as that
of Horie) are:

forl<g<m-1
(r'plr, 121771

O e e

q' > Ti-m+qj-m+q Ti—m+kj-m+k
1 1/2
———H(1+ )] £
iy Tif
where
€={_1 if’n—m+q$rn—m+q+1$-'-Srm
1 otherwise;
forg=1
- 1 1 m 1 172
ol 217 =3 (1 ——)- § L (1e—)]
2 Th-m+2n-m+1 k=3 k!i>j Ti-m+kj—-m+k
forg=m-1
1 1 1 171172
oz [ - A -]
el L (m_l)!il:[i Ti-1j-1 m!iI;I/ Tij
where
_{(__1)'" if Fn—m+1=Tn-m+2,
(-nm*t otherwise.

In all the above formulae / and ; take values from n —m+1 to n and 7; is the
axial distance between the numbers / and j in the Young tableau ie. 7, =
A(r) —/\(’i) —{(ri— "j)~
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These formulae are employed to obtain the transformation coefficients in the chains
S;>84%83and S; 283 xS, and the results are presented in tables 1 and 2 respectively.
These results are found to agree very well with those worked out by Innaiah (1980)
using Kaplan’s (1962) method.

Table 2. Transformation coefficients in the chain S; 283 xS,.

(A] [21°] (2°1%

r [1% (21}, (21}
rON R, R 217 [21%), [217);, [21%) 217, [217; [21%)
r 0 0 0 1/2 -v3/6  V6/12 0 0 0
r? 0 0 0 V32 1/6 —v2/12 0 0 0
' V6/4  ~J2/4  1/4 0 V273 1/12 0 0 0
@ V10/4 J30/20 -V15/20 0 0 J15/4 0 0 0
r 0 2J5/5  V10/20 0 0 0 172 -J3/6  VJ6/12
r® 0 0 V350720 o0 0 0 V3/2 1/6 -v2/12
P — _ _ 0 0 0 0 V273 1/12
r® — — — 0 0 0 0 0 J15/4
r® — — — 0 0 0 0 0 0
r1o — — — 0 0 0 0 0 0
AP — — — 0 0 0 0 0 0
12 — — — 0 0 0 0 0 0
A — — — 0 0 0 0 0 0
fakad — — — 0 0 0 0 0 0
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